Abstract. In this article we obtain rigorously the homogenization limit for a fluid-structurereactive flow system. It consists of cell tissue and intercellular liquid, transporting solutes. The cell tissue is supposed linearly elastic and deforming with a viscous non-stationary flow. The elastic moduli of the tissue change with cumulative concentration value. In the limit, when the scale parameter goes to zero, we obtain the quasi-static Biot system, coupled with the upscaled reactive flow. Effective Biot's coefficients depend on the reactant concentration. Additionally to the weak two-scale convergence results, we prove convergence of the elastic and viscous energies. This then implies a strong two-scale convergence result for the fluid-structure variables. Next we establish the regularity of the solutions for the upscaled equations. In our knowledge, it is the only known study of the regularity of solutions to the quasi-static Biot system. The regularity is used to prove the uniqueness for the upscaled model.
1. Introduction. Information on biophysical and biochemical processes on all scales has enormously increased due to a revolution in experimental concepts and technologies. Consequently, quantitative methods, based on mathematical modeling and simulations are becoming more and more important in analyzing experimental data and designing theories based on mathematical concepts. One of the numerous challenges is modeling processes in tissues, including the molecular information on micro-scale. In this paper, the following processes in cell tissues are included:
1. fluid flow in the extracellular space, diffusion, transport and reactions of substances in the fluid, 2. exchange of substances at the cell membranes, 3. diffusion of substances and chemical reactions inside the cells, 4. changes of the mechanical properties of the cells due to the influence of chemical substances, small deformations of the structure. The corresponding microscopic system was formulated and analyzed by the authors in [10] , where the existence and uniqueness of solutions was proven. Also in [10] , the characteristic microscopic scale ε of this system was identified, depending on the application in cell biology and the available real data.
In this paper, the scale limit ε → 0 is performed. For simplicity, the structure of the tissue is assumed to be periodic, that means generated by translations of a properly scaled geometric unit cell containing a biological cell connected with its adjacent neighbor cells. Here, fluid flow is restricted to the intercellular region Ω ε f (fluid region) and interacting with the cell region Ω ε s (solid region). A chemical substance is diffusing in the full domain Ω and is transported by the fluid flow in Ω ε f . In the interior of the cells, the substance is reacting with an other substance, which on its part interacts with the mechanical structure of the cell. It is assumed that the elasticity parameters depend on this substance via a Volterra-functional of its concentration.
Using rigorous multiscale techniques, the homogenization limit is performed, and a macroscopic (effective) model system is derived preserving relevant information on the processes on the microscopic level. A set of estimates of the solutions to the microscopic system and their dependence on the scale parameter ε is derived, allowing to apply the method of two-scale convergence.
In the limit the quasi-static diphasic Biot system for the fluid-structure part is obtained. Effective phase displacements, velocities and Biot's pressure are kept, but the acceleration terms are not present in the effective model. Its particular property is the dependence on the concentration of transported reactant. At the other hand, the homogenized reactive flow equations contain the transport velocity coming from Biot's diphasic system. The full homogenized system is presented in Section 3.2. This system seems to be new in the literature, and we prove the corresponding regularity and uniqueness results. We note that, in general, quasi-static elasticity problems do not have unique solution (see e.g. result by Klarbring in [11] ). Besides weak twoscale convergence results, we prove convergence of the energies, which then allow us to derive strong two-scale convergence results for the fluid-structure variables, see Theorem 3.1, and Corollary 3.2.
These investigations were motivated by questions asked by physiologists interested in perfusion an transport through tissue under varying mechanical and chemical conditions. The effective permeability of the porous media is changed under the influence of the mechanical changes in the solid phase. Note that for a flow through an elastic pore the permeability depends on the pressure (see e.g. argument in [9] ). Experimental studies were performed by [15] for thin layers of endothelial cells. These cell layers were exposed either to chemicals or to shear stress caused by flow. The transmission through the membrane was measured and our results give a mathematical model which could be used to explain the observations.
The interaction of fluid with solid structures has been studied in the literature in several papers and passing to the homogenization limit the macroscopic law known as Biot-law could be derived, see [6] , [7] , [8] , [16] . The system, which is analyzed here represents a larger class of problems coupling fluid flow, solid structure and chemical reaction for slow flow velocity. Its study requires new ideas and methods which are developed in this paper. The authors are not aware of mathematical results for systems of this type. This paper is organized as follows: In Section 2, the model system is formulated. The assumptions on the data and the main results of the paper are formulated in Section 3. Estimates of the solutions with explicit dependence on the scale parameter ε are formulated and derived in Section 4.3. In Section 5, the convergence is analyzed and in Section 6 the limit equations are derived. We prove convergence for the energies of the fluid-structure variables in Section 7. This result then implies strong two-scale convergence for the homogenized displacement and velocity. Next, we establish higher regularity for the variational solutions of the homogenized equations. The regularity is used in Section 9 to prove uniqueness of the solutions of the effective model. 2 . The outer unit normal to ∂Ω is denoted by ν. On the interface Γ ε , we denote by ν the outer unit normal to the solid part Ω ε s . The microscopic structure of 
are open, connected, and have Lipschitz boundary. Then, we define
Throughout the paper we denote by e j the j-th unit vector in R 3 .
Let us now formulate the equations which model the processes at the microscopic level. We suppose small deformations of the cell structure. It means that in the solid part Ω ε s the equations of linear elasticity hold. The interaction of the chemical substance with the mechanical properties of the cells is modeled by considering elasticity coefficients A which depend on the concentration c ε 1 of chemical substance. Thus we have
where u ε is the microscopic displacement, D(u ε ) is the strain tensor, and σ(u ε ) is the stress tensor given by
If the cells are considered as homogeneous and isotropic bodies, the elasticity coefficients A are given with the help of Lamé's coefficients λ and µ and the stress tensor has the following form
The dependence of the elasticity coefficients on the concentration c ε 1 is nonlinear and nonlocal; the coefficients change as a function of cumulated quantity of chemical substance. To describe this dependence, we introduce the operator F acting on the concentration, and given by
where F ∈ C 2 (R) is Lipschitz, and the kernel K has the following properties
In the intercellular space Ω ε f , we consider the linearized Navier-Stokes system for a viscous and incompressible fluid. The interface between the tissue and liquid is also linearized. This simplified equations for the flow are obtained in [10] by a dimensional analysis based on a set of characteristic values for the physical parameters. In its dimensionless form, the fluid-structure interaction is described by means of the microscopic displacement function u ε , and the fluid pressure p ε . It has the following form (for a detailed description we refer to [10] ).
We remark that the size of the elastic modulii and of the characteristic fluid pressure is of order O(1/ε 2 ), whereas the viscosity forces are of order O(1). See [10] for more details.
Next, we have the equations describing the distribution of the chemical substances involved in our model. There is one chemical with concentration c ε 1 diffusing only inside cells and interacting with the elastic cell structure, and a second chemical, which is present in the cells and in the intercellular space, and influencing diffusion and reactive change of the first chemical substance. We remark that the concentration c ε 2 of the second chemical substance is discontinuous at the interface Γ ε . In order to work with the usual Sobolev spaces we redefine c ε 2 on the solid part, such that the concentration is continuous at the interface. However, this transformation then leads to discontinuities in the coefficients of the equation for c ε 2 . For details concerning this transformation, see again [10] . ∂c g 1 , g 2 , g 3 are Lipschitz continuous with respect to their arguments. This implies that there exist positive constants C 1 , C 2 and C 3 such that
Additionally we have to impose on g 1 , g 2 , g 3 structural conditions which guarantee positivity of the solutions and for c ε 1 also a uniform upper bound. A possible choice of such conditions is given in the following.
for all x, y ∈ R, where x − = min{x, 0}. We also require that there exist constants
(3.12)
For the initial and boundary concentrations we assume that 13) where M 1 is the constant in the assumption (3.12). We also assume that there exists β > 0 and M 2 > 0, such that
and
Finally, for the boundary concentration c 2D we require
3.2. Main result. In the limit ε → 0, the solutions of the microscopic system (2.9)-(2.27) converge to the unique solution of the following homogenized system of differential equations. The effective system for the homogenized fluid-structure variables u 0 , u 1 , p f , w 0 , π 0 , consists of the homogenized equations for the structure variables:
coupled with the generalized Darcy's law for the fluid variables:
Here, the tensor A is given by
The effective system for the fluid-structure-interaction is coupled with the homogenized system for the concentrations c 10 in Ω The tow-scale homogenized problem for the concentration of the second chemical species reads:
Besides the standard convergences of the microscopic variables to the effective ones, given in Theorems 5.3, and Theorem 5.4, we also prove the following convergences of the energies: Theorem 3.1. For the limit functions u 0 , u 1 , w 0 , and c 0 1 , we have the following convergences in energy:
a.e. on (0, T ),
The convergence of the energies imply strong two-scale convergence results for the fluid-structure variables: Corollary 3.2. The following strong two-scale convergence results hold
for almost every t ∈ (0, T ), and
4. Estimates of the microscopic solutions. In this section we prove estimates for the solutions of the microscopic problem (2.9)-(2.27). Herby, the dependence of the parameter ε is given explicitly. Based on these estimates, we are able to perform the homogenization limit ε → 0, which leads to a macroscopic description of the investigated processes.
A fundamental tool in the proof of estimates is given in the following. The following estimate holds for all t ∈ [0, T ], with a constant C independent of ε
to Ω, as in [1] .
, and ω(t, x) = 0 for x ∈ Γ ε . Thus Poincare's inequality for rigid, periodic porous media together with Korn's inequality imply
for all t ∈ (0, T ). Here we use Korn's inequality on the ε-dependent domain Ω ε f , see e.g. Theorem 4.5, Chapter 1 in [14] . Using (4.3), and the properties of the extension ξ, see [1] , we obtain
The last estimate in (4.4) follows from the fact that the displacement is zero at the lateral boundary Γ 3 , and we have a Poincare type inequality for the extended displacement. Next, we remark that using ξ(0) = 0, we have
Estimates (4.4), and (4.5) now imply (4.2), and the proposition is proved. We first derive uniform L ∞ -estimates for the concentration c ε 1 . Since c ε 1 enters the elasticity coefficients, these estimates are also needed when proving estimates for the fluid-structure variables.
Proposition 4.2. Under the assumptions on the data from Section 3, the following estimates hold 6) where the constants A 1 , and M 1 are given by (3.12).
Proof. The proof of the estimates for c ε 1 is based on the assumptions (3.9), and (3.12), for the nonlinear reaction term g 1 , and is done analogously to the corresponding proof for positivity and boundedness of the concentration c 1 in [10] .
Proposition 4.3. The solutions to problem (2.9)-(2.27) satisfy the following estimates, with a constant C independent of ε
Proof. We start from the variational formulation (2.28)-(2.33), and insert ϕ = ∂ t u ε as test function. It yields
Let us first transform the third term as follows
Thus, we have
We start by estimating the boundary term in (4.13). To this end, we introduceP ε 1 bỹ
, and we have
We estimate the first term on the right hand side of (4.15) as follows:
Using the assumptions on the data, and Proposition 4.1, we conclude that
Next, the second term on the right hand side of (4.15) is estimated as follows:
To complete the estimate of the boundary term in (4.13), we still have to estimate following term:
where for the last equality, we have used the representation formula (3.3). Let us first consider the first term in the right hand side of (4.19).
where, for every t
to Ω, as in [1] . In a similar way, we estimate the second term in the right hand side of (4.19), and get
Using now the results from (4.14) -(4.21) in (4.13), we obtain
Now, using the regularity properties of the elasticity coefficients, the uniform bounds on c ε 1 from Proposition 4.2, together with Gronwall's inequality, we obtain
and thus we arrive at
Next, we differentiate (2.28) with respect to t. It yields
We test (4.23) by ϕ = ∂ tt u ε , and get
To get an information about ∂ tt u ε (0), we evaluate equation (2.28) at t = 0, and obtain for all
Now, the homogeneous initial conditions for u ε , and (P Thus, we have ∂ tt u ε (0) = 0 for a. e. x ∈ Ω.
Next, we have to transform several terms in (4.23).
To estimate the right hand side in (4.23), we start with
Similarly, we have
Inserting the results from (4.26) -(4.31) in (4.23), we obtain
Now, the first estimate in (4.9) together with Poincaré's inequality yield
The estimates (4.8), (4.10), and (4.12) on the higher time derivatives are obtained by differentiating (4.23) two more times with respect to t, and using similar estimates as above.
Next, we will get improved estimates for ∂ t u ε . These estimates will play an important role for the estimation of the transport terms in the equation for c ε 2 , and for the compactness arguments needed to pass to the limit ε → 0.
Proposition 4.4. The following estimates hold with a constant C independent of ε
Proof. Since Ω ε s is a connected Lipschitz domain, we can apply the extension result from [1] to find an extension of ∂ t u ε Ω ε s to the domain Ω. We denote this extension by ∂ tŨ ε , and remark that ∂ tŨ ε is zero at the lateral boundary ∂Ω ε s ∩ Γ 3 . Thus, using the properties of the extension, and Poincaré's and Korn's inequality on Ω, we obtain for all t ∈ (0, T )
Estimate (4.36) together with the second estimate in (4.9) yield
and due to the continuous embedding of
Since ∂ tŨ ε coincides with ∂ t u ε on Ω ε s , we conclude that
Next, we prove the estimate for ∂ t u ε on Ω ε f . We note thatŨ ε = u ε on Ω ε f . However, due to the continuity of the velocities on Γ ε , we have that
Furthermore, the estimates from Proposition 4.3, together with properties of the extensionŨ ε yield
Now, Poincaré's inequality for a periodic, porous medium of size ε, implies
Thus, from (4.37), and (4.42), we can conclude that
This proves the proposition. We complete the estimates for the fluid/structure problem with the estimate for the pressure.
Proposition 4.5. We consider the following extension of the pressure
Then the following estimates hold
Proof. Testing the fluid/structure interaction problem (2.9) -(2.17) by ϕ ∈ H 1 (Ω), we obtain for a.e. t ∈ (0, T ):
We note that for all g ∈ L 2 (Ω), there is ϕ ∈ H 1 (Ω) 3 , with ϕ = 0 on the lateral boundary, such that divϕ = g, and ||ϕ||
, see e.g. [17] . Hence, using the estimates from Proposition 4.3, and (4.45), we have for all g ∈ L 2 (Ω × (0, T )) the following estimate
We continue by showing uniform estimates for the derivatives of the concentrations c 
Proof. The estimate for ∇c 
Now, we have to estimate several terms. Let us start with the transport term on Ω ε f . Hereby, we exploit the fact that the estimates for the velocity ∂ t u ε are much better on the solid part Ω ε s then on the fluid part Ω ε f . Thus, we integrate by parts, and use the continuity of the velocity on the interface Γ ε , to obtain:
To estimate the right hand side of (4.51), we use the Gagliardo-Nirenberg-type inequality, see e. g. inequality (2.9) on pag. 62 in [13] , Young's inequality, and the estimates for the velocity ∂ t u ε form Propositions 4.3 and 4.4. We obtain:
To estimate the terms on the right hand side in (4.50), we use Hölder's inequality, the assumptions on the data, and the estimate (4.6) for c ε 1 . Since these estimates are standard, we omit them.
Finally, integrating with respect to time in (4.50), and collecting the estimates (4.51) -(9.5), we obtain (Ω)). After integration with respect to time, we obtain:
We have the following estimates 
to Ω, as in [1] . Due to the properties of the extension operator, we have thatc
The following estimates are valid with a constant C independent of ε , and then using the properties of the extension operator. For the estimate on the time derivative, we observe that ∂ tc ε 1 satisfies the following equation
for all ψ ∈ H 1 0 (Ω), and consequently we have
Thus, the proposition is proved.
5. Compactness of the microscopic solutions. Based on the estimates form Section 4, we prove compactness of the microscopic solutions, with respect to twoscale convergence, and with respect to weak and strong L 2 -convergence. The results concerning two-scale compactness are standard, and can be found e.g. in [3] or [6] . We will not repeat the proof here. Contrary to this, the strong compactness of the concentrations is nonstandard, due to the very low regularity of the concentrations with respect to the time variable. Thus, we have to generalize the well known compactness theorem by Aubin and Lions to be able to deal with the situation given in our problem. This is done in Lemma 5.1, and Proposition 5.2 in the beginning of this section.
, with a ∈ L ∞ (Ω), a(x) > 0 for a.e. x ∈ Ω. Further, let m > 0, and η > 0 be given real numbers.
Then there exist γ η > 0, and ε 0 > 0, such that for all c ∈ H 1 (Ω), and all ε ≤ ε 0 , we have
Proof. Let us suppose that (5.
.
Obviously, we have ||w j || H 1 (Ω) = 1, and from (5.2) it follows that
On the other hand, after passing to a subsequence, we have that
Taking into account the weak convergence of a
, we obtain that
Due to the compact embedding of L 2 (Ω) into H −m (Ω), (5.4), and (5.5) imply aw = 0, and due to a > 0, we have w = 0. Clearly, this contradicts (5.3), and the lemma is proved.
Proposition 5.2. Let a ε be a uniformly bounded sequence in
, and assume that a
If we have that
then it follows that
Proof. For the sequences a ε , and c ε , Lemma 5.1 implies that for all η > 0 there exists γ η , such that
for a. e. t ∈ (0, T ). Let δ > 0 be given. Integrating (5.9) with respect to time and taking into account that ||c ε − c|| L 2 (0,T ;H 1 (Ω)) ≤ C 1 , we obtain
where η was chosen such that
Hence it remains to prove that
We split the sequence as follows
To show the convergence of the first term on the right hand side of (5.12), we use the information (5.7) about the time derivative. Thus, since a ε c ε − ac is bounded in
Therefore, it is enough to prove that
(5.14)
By (5.13), and (5.14) Lebesgue's dominated convergence theorem then implies
We write a ε c ε − ac as follows:
for s > t. Then, using (5.7), the second term can be estimated as follows:
for s sufficiently close to t. To estimate the first term in (5.16), we consider 
Finally, due to the compact embedding of L 2 (Ω) into H −m (Ω), we obtain
The convergence
is straightforward, and thus (5.15) is proved. The convergence to zero of the second term on the right hand side of (5.12) follows by an approximation argument and the fact that a ε − a does not depend on time. Thus, (5.11) holds, and the theorem is proved.
Theorem 5.3. There exist limit functions
, such that up to a subsequence, the following convergences hold in the two scale sense:
Theorem 5.4. There exist limit functions c
per (Y )/R), such that up to a subsequence, the following convergence properties hold: to Ω, as in [1] . Proof. To show the strong convergences (5.32), and (5.36) of the concentrations, we remark that for a subsequence,
Thus, we have that 6. Passing to the limit in the microscopic equations. In this section, we pass to the limit in the weak formulation of the microscopic equations (2.9)-(2.27), for ε → 0. Using the compactness results from Theorem 5.3, and Theorem 5.4, and choosing suitable test-functions, first a two-scale homogenized system is derived. In a second step, the microscopic variable can be eliminated yielding the homogenized system, with effective coefficients computed by means of cell-problems. The arguments concerning the fluid-structure interaction are similar to those used in [6] , however the nonlinear dependence of the elasticity coefficients on the concentration c ε 1 leads to additional difficulties. Thus, especially the strong convergence for the concentrations, proved in Theorem 5.4, will be of big advantage. We recall that the outer unit normal to ∂Ω is denoted by ν. We also denote by ν the outer unit normal to ∂Y s (i.e. the unit normal exterior to the solid structure). 
Corollary 6.3. For all (t, x) ∈ (0, T ) × Ω, let w ij (t, x, y) and γ p (t, x, y) be the solutions to the following problems
Then, we have
Furthermore, the effective elastic moduli coefficient A H , given by
is a symmetric and positive definite 4th order tensor. Proposition 6.4. We have the following two-scale variant of Darcy's law. There exists π 0 ∈ L 2 ((0, T ) × Ω × Y f ) such that the limit function w 0 from Theorem 5.3, and p f given by (6.5) satisfy
, and p f satisfies the following boundary conditions on the boundaries Γ 1 , and Γ 2 .
Proof. We start from the weak formulation (2.28), and by standard arguments, see e.g. the seminal paper [3] , we obtain equations (6.17) -(6.20). We remark that (6.17) implies ∇p f ∈ L 2 ((0, T ) × Ω). To obtain the boundary conditions for p f , we insert in (2.28) the test-function ϕ(t, x) = ε 2 ζ(x,
We pass to the limit ε → 0 using the two-scale compactness from Theorem 5.3, and the properties of the boundary data. It yields
Let now ζ(x, y) = ψ(x)η(y), with ψ ∈ C ∞ (Ω), ψ = 0 on Γ 3 , and
Integrating by parts in (6.24), and using equations (6.17) -(6.20), we obtain Recall that F s was defined in (2.1). Thus taking ψ = 0 on Γ 1 , we obtain form (6.25)
and using (6.26), we get the boundary condition (6.22).
Corollary 6.5. Let {χ j , π j } be the solution to
and the permeability tensor K given by
is a positive definite symmetric tensor. Proposition 6.6. The limit functions u 0 , w 0 , and u 1 from Theorem 5.3 are linked by the continuity equation 
where the limit function c 0 2 is given in Proposition 5.4. Corollary 6.8. Let {ω j } be the solution to
Then, we have 
Corollary 6.10. Let {η j , λ j }, j = 1, 2, 3, be the solutions to the following problems
where
is symmetric and positive definite.
6.1. Variational formulation of the homogenized system. The variational formulation for the effective fluid-structure problem is the following:
where the tensor A is given by
These equations are valid a.e. on (0, T ). At t = 0 all unknowns are equal to zero. The homogenized concentrations c 
Let us first insert ϕ = u ε as test function in (7.1), and obtain
Our aim is to pass to the limit in the above equation for ε → 0. To this end, we use the localization (dilation, unfolding) operator T ε , and its properties, see e.g. in [4] , and [5] . Taking into account the lower-semicontinuity of the norm with respect to the weak convergence, we have for all t ∈ (0, T ) lim inf
Due to the strong convergence of c
, see Theorem 5.3, and Theorem 5.4, as well as the properties of A(F ), we have the following convergence in two-scale sense
This implies for all t ∈ (0, T ) lim inf
Passing in (7.2) to the limit for ε → 0, we obtain
Now, we derive an expression for the right hand side in (7.6) by using the homogenized equations. First, we test equation (6.59) with ϕ = u 0 and obtain
Next, we test (6.60) with ψ = u 1 , and get
Finally, we test (6.61) with ζ = w 0 , and obtain
Adding equations (7.7), (7.8), and (7.9), and using (6.62) gives
Comparing (7.6), and (7.10), and using lower-semicontinuity of the norms, gives lim inf
and lim inf
proving (3.19) , and (3.20).
To show the last two statements of the theorem, we again start from the variational formulation of the fluid-structure system (7.1), and insert ϕ = ∂ t u ε as test function. We obtain
Let us set
, and a.e. on (0, T ) × Ω. Now, we restate (3.19) as
Using (7.15), we show that
The right hand side in (7.17) tends to zero for ε → 0, since the sum of the first two terms converges to zero by (7.15) , the third term converges to zero due to the strong convergence of c
, and the properties of the localization operator T ε , and finally, the forth term tends to zero due to the weak convergence of T ε (D(u ε )) to its two-scale limit. Thus, (7.16) is proved. Next, we have that
Passing to the limit in (7.18), and using (7.14), (7.16) , as well as generalized Lebesgue's theorem, we obtain
Now, passing to the limit ε → 0 in (7.13), we obtain lim inf
As in the first part of the proof, we now test the homogenized equations (6.59), (6.60), and (6.61) with ϕ = ∂ t u 0 , ψ = ∂ t u 1 , and ζ = ∂ t w 0 respectively. Adding the obtained equations gives
Inserting (7.21) into (7.20) and using again the lower-semicontinuity of the norms, as well as the properties of the elasticity coefficients, we get
From (7.22) , the convergences of the energies (3.21), and (3.22) follow, and the theorem is proved. 
Moreover, the effective transport velocity
Proof. For constant diffusion coefficient d 1 , we have that c where the matrix β is given by (6.47). The estimates (4.59), and (4.48), imply that c
. Then, by interpolation, see inequality (3.2), page 74 in [13] , we obtain that
Finally, using the parabolic regularity theory, see Theorem 9.1, page 341 from [13] , we obtain c
10/3 (Q T ). This proves (8.1). To obtain improved regularity for c 0 2 , we first have to get improved regularity for displacements and pressure.
From the representation formula (6.32), we have
, and the permeability tensor K from (6.34) is symmetric and positive definite, we have that
Extending the right hand side in (8.16) to Ω, and including it in the right hand side in (8.15), we obtain homogeneous boundary conditions on Γ 1 ∪ Γ 2 . Then, extending the solution by uneven reflection with respect to Γ 3 , and using elliptic regularity, see e.g. [2] , we obtain
which proves (8.4) . Moreover, using the representation formula (6.15), together with (8.4), (8.3) , and (8.14), we obtain (8.5).
To obtain the second part of (8.3), we remark that the representation formula (6.32) together with the continuity equation (6.35) yield
Now, extending the solution p f by reflection on Γ 3 , and taking into account the regularity of the right hand side in (8.20) , elliptic regularity theory, see e.g. [2] , yields
and (8.3) is proved. As a consequence, using the representation formula (8.12), we obtain
Now, we remark that, due to (8.4), and (8.24), the effective transport velocity 
Due to (8.11) , and the Lipschitz property of the reaction terms, we have |Y s |g 2 (c
, we can again use the parabolic regularity theory, see Theorem 9.1, page 341 from [13] , to obtain
For the last inclusion we used again Lemma 3.3, page 80 in [13] .
9. Uniqueness for the homogenized problem. In this section, we prove uniqueness for weak solutions of the homogenized system given in (6.59)-(6.71).
Theorem 9.1. The system (6.59)-(6.71) has a unique solution satisfying the regularity properties from Theorem 8.1.
Proof. We start our uniqueness proof by studying the stability of the variables describing the fluid-structure interaction, with respect to perturbations in the concentration c solutions of the homogenized system (6.59)-(6.71). We denote their differences by 
Now, we take ϕ = ∂ t u 0 , ψ = ∂ t u 1 , and ζ = ∂ t w 0 . After summing up, we arrive at
Using now (6.62), which is valid also for the difference of solutions, and the periodicity property of u 1 , we obtain
Finally, for the last term on the right hand side in (9.1), we have:
and the following estimate holds:
where we denoted by || · || L 
Using Gronwall's inequality, we obtain for all t ∈ (0, T ) Using analogous techniques, in the following we obtain similar stability estimates for the time derivatives. We derive equations (6.59)-(6.61) with respect to time, and consider the equations satisfied by the differences ∂ t u 0 = ∂ t (u We estimate now the terms on the right hand side of (9.10) analogously to the right hand side in (9.1), and obtain 
Using now (9.8), and Gronwall's inequality, we obtain for all t ∈ (0, T ) ||D x (u 0 ) + D y (u 1 ))(t)|| L 2 (Ω×Ys) (9.13) The result (9.27), together with the stability estimates (9.12), (9.13), and (9.23) prove the uniqueness of the variational solution to the homogenized system (6.59)-(6.71).
